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VOL. 11, NO. 4 

Some Applications of the Singular Decom- 
position of a Matrix 

I. J. GOOD 
Virginia Polytechnic Institute, Blacksburg, Virginia 

It is emphasized that the singular decomposition of a matrix has a variety of uses, 
especially in statistics, although it is seldom mentioned in books on either matrices 
or statistics. Some applications are surveyed and some new ones are given. 

The singular decomposition of an arbitrary matrix is far more useful, both 
in statistics and in matrix algebra, than is commonly realized. That its im- 
portance has been much under-rated is clear since it is mentioned in very few 
books on either of these subjects. It was perhaps first discussed, in the more 
advanced form applicable to kernels of integral equations, by E. Schmidt (1907). 
In that context Smithies (1958) is recommended. The decomposition was applied 
in the matrix form, to "least squares principal component analysis" by Whittle 
(1952) and to contingency tables by Good (1965b). In the present paper, which 
is partly but not entirely expository, some of its applications will be described. 

If M is an arbitrary real m X n matrix, of rank k, it can be expressed as the 
sum of k matrices of rank one in a variety of ways. Of these, perhaps the most 
useful is the "singular decomposition" 

M l= 1ilnl' + A2tl2n' + * * + Ak knk' 
, 

where the column vectors t 2, '2- , * k are orthonormal (orthogonal and each 
of length 1) and each has m components, and the row vectors nf , * * *, n are 
orthonormal and each has n components. (We shall throughout denote vectors 
by bold lower case letters; and matrices, known not to be vectors, by bold 
upper case letters.) The numbers I , * * *, ,k are real and positive and are the 
square roots of the positive eigenvalues of the m X m matrix MM' or of the 
n X n matrix M'M, each of which is a symmetric square semipositive definite 
matrix. The vectors t, and n, are eigenvectors of MM' and M'M respectively. 
The numbers 1 , u2 , * *, are the singular values of M and the vectors {l , 

2, *... , n , n2 * ... are the right and left singular vectors. When M is square 
and symmetric the singular decomposition reduces to the better known spectral 
decomposition, where the left and right singular vectors are identical and reduce 
to eigenvectors. 

The orthonormal sets ?i, * *, tk, and n , ...* * *, n can be completed to sets 
. *-. ,* (m, and ni, * * *, n (not uniquely if k + 2 < max (m, n)). A complete 

singular decomposition of M is then 7 l t,~sn;. , where k+1 = 0 
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are the zero singular values. The singular decomposition is of course equal in 
numerical value to the complete singular decomposition. 

For complex matrices and even for real or complex quaternion matrices 
there is a singular decomposition in which the orthogonality conditions are 
replaced by "unitarity" conditions ., =- 5 , and the singular values are the 
square roots of eigenvalues of MM', but for simplicity only real matrices will be 
considered in this paper, with minor exceptions. The appropriate modifications 
for complex matrices will all be fairly obvious. 

There is a distinct generalization of the spectral decomposition of a square 
symmetric matrix. It exists for any square m X m matrix that has m independent 
eigenvectors, that is, for matrices that are not defective. This is the well-known 
decomposition 

M = XlX1yf + X2x2Y2 + , 

where Xl ,2, *. - are the eigenvalues of M, the right eigenvectors of M are 
X , x2, * * *, the left eigenvectors are y I, y , * * , and ytxr = . Instead of 
being orthonormal the two sets of vectors xi , X2, * , and y , y2, .- , are 
thus biorthogonal. We may refer to this decomposition as the general spectral 
decomposition of a square non-defective matrix. It is quite distinct from the 
singular decomposition except for symmetric square matrices. It exists only 
for square non-defective matrices, whereas the singular decomposition always 
exists. 

The singular decomposition of M provides an immediate analysis of the effect 
of M regarded as a linear transformation acting on the vectors of Euclidean 
n-space, En . For any such vector is of the form 

v = gin + ,2n2 + * - + On, I 

where nk+, ,* *, un completes the orthonormal basis of E,,, and 

Mv = 1Ultl + - * + kAkk?k. 

Thus v is first projected into the k-manifold spanned by n , ... , n, then 
the k coordinates are scaled by factors u , ... , u, , and finally the resulting 
vector is pictured with the same coordinates in the k-manifold spanned by 
t, , * - * , tk . This last step, so to speak, is an orthogonal transformation. There 
are six interpretations of this kind corresponding to the six orders in which we 
can project, scale, and orthogonally transform. 

It is trivial to prove that, if q is a positive integer, 

(MM )0 = A2t + + 2 t, 

(M'M)U = /q~nlnl + *" + t/knknk 

(MM,')M = 2+l + . + .2 +knk 

(M'M) M' =- q nl + * - + n2 +1nk 

These equations are also true when q = 0 provided that we interpret (MM')0 
and (M'M)0 as matrices representing the projections of m- and n-space into 
the k-manifolds spanned by (k, ..- * , tk) and (ni, .* -, nk) respectively. Inter- 

824 1. J. GOOD 



SINGULAR DECOMPOSITION OF A MATRIX 

pretations of the equations for negative integers q can be obtained by means 
of generalized matrix inverses (discussed next). More generally, f((M'M)') = 

f(pur)n,nr for even Laurent series, f, and so on. 
Generalized inverses have several applications to statistics: see, for example, 

Rao (1965), and also Rao (1967) with which the first half of the present paper 
has a fair amount of overlap. I believe that the simplest treatment of generalized 
inverses is by means of singular decompositions. Even the definition M' = 

, Init, + * *+ k-k Inktk suggests itself at once, and is simpler than the defini- 
tion given by Moore (1935) and Penrose (1955). They defined the generalized 
inverse N by the four properties MNM = M, NMN = N, (MN)' = MN, 
(NM)' = NM and proved that N exists and is unique. It must of course be 
of size n X m. All four properties are at once seen to be satisfied by taking 
N = M+, so M' is the Moore-Penrose generalized inverse. The uniqueness is 
easy to prove by making use of the fact that any n X m matrix is uniquely 
expressible in the form 

a 81 r=l 

where (n,) and (~r) are assigned orthonormal bases of En and Em respectively. 
(The mn matrices n,' form a basis for the vector space of n X m matrices.) 
Rao (1965) writes M- for any "g-inverse" of M, which is any matrix satisfying 
MM-M = M. It is easy to see that the general g-inverse is 

M-= . ni ; + ... + .; np {, 

where p = min (m, n), ji, * * *, are all the singular values of M (non-negative 
square roots of all the eigenvalues of MM' if m < n, or of M'M if m > n), 
and x- means x-~ if x # 0 and is otherwise arbitrary. 

Rao (1965, p. 25) shows that g-inverses of maximum rank, min (m, n), exist. 
This is obvious in terms of the singular decomposition, by taking all ,U # 0. 
It is also obvious from the singular decomposition that M+ can be uniquely 
defined as the g-inverse of minimum rank, since the rank of M+ is simply the 
number of u,'s that do not vanish. 

If M is square and non-defective it is natural to ask whether the general 
spectral decomposition can be used instead of the singular decomposition, 
for the representation of generalized inverses. It is easily seen that, in our 
earlier notation, \kxlyy + * * * + X-xny. is a g-inverse, but X1lxly, + * * * + 
Xk'xkyk is not the Moore-Penrose generalized inverse, where k is the rank of M 
and X, ..* *, Xk are the non-zero eigenvalues. Thus the singular decomposition 
is more appropriate in this context than the general spectral decomposition, 
and I suspect that it is nearly always more useful. 

Solution of linear equations. 

We can use the singular decomposition of M to solve the m simultaneous 
linear equations Mx = b, where b is given and x is to be determined. Write 
b = O,lt + *** + --m.m and x 5= y7in + -* + Ynnn . Then we quickly obtain 
the consistency conditions/ k+l $ 0, * * * , ,m 0 and, subject to these conditions, 
the solution 71 = u , J - -- , % -== 1/k with -k+1 , * , X.n arbitrary. Thus 
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x = M-b is a solution if there is one and the general solution is x = M-b + 
(M-M - I)c where c is arbitrary (Lanczos, 1958). Rao (1965, p. 24) gives this 
as a general solution. 

Least squares theory. 

The ordinary theory of least squares can be expressed in terms of singular 
decompositions. I here give some of the details of this approach. It seems to 
me more intuitive than the usual matrix approach in which numerous matrices 
are multiplied together. Let z be an observed m-vector whose expected value 
is Mc, where M is a known m X n matrix of rank k (m > n > k) and c is an 
n-vector of unknown parameters. Let S = (z - Mb)'(z - Mb). We wish to 
minimize S by an appropriate selection of b and would like b to be an unbiased 
estimator of c. Let the singular decomposition of M be 

M = uE jn,. , 
1 

and let the corresponding decompositions of z, b, and c be 
mT n n 

z =E t,j ,b = i,n , c = , 
1 1 1 

where G+1, * * *, tm and nk+l, * * *, ln are any unit vectors that complete the 
orthonormal bases in m-space and n-space respectively. Then, easily, 

kc m 

S = Z ( - i)2 + E .2 
1 k+l 

Thus S is minimized by taking 
k n 

b = E flu n + fl,n, 
1 k+l 

the minimum value of S is Ek+l i , and /i is an unbiased estimate of -yi if 

j < k. If 'yk+ , *. , 'n are to be estimable there must be n - k linear constraints 
on the y's and k+l , * , * Vn must be expressible as known linear functions of 

71 , * *' , Yk ? Then we can choose 3k+1 , * * , X3n as the same linear functions of 

B1, * * *, pk, and thus get an unbiased estimator of c. If k = n, then of course this 
last stage is unnecessary. When k < n we are said to be in the "singular case" of 
least squares. For other treatments of this case see, for example, Kendall and 

Stuart, pp. 84-86; and Rao (1965), pp. 181-182. 

Solution of matrix equations. 

To solve XX'X = M where X clearly must be m X n, we write X in the form 

Er, Yyr. trnlt and readily deduce that Yr,. = 0 if r # s, and that ey = 
3 

. . There 
are therefore precisely 3k solutions obtained by replacing the non-zero singular 
values of M by their cube roots in all possible ways. Similarly we obtain 12q + 1|k 
solutions for (XX')'X = M for any integer q, including negative integers if we 
use generalized inverses. The Moore-Penrose generalized inverse, M+, is the 

unique solution of (XX')-X = M, whatever g-inverse is taken for (XX')-. 
If M is square and not defective the general spectral decomposition can be 
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used in the obvious manner to find the k' solutions of X' = M. For defective 
square matrices, see Gantmacher (1959), I, p. 231. 

It is curious that the singular decomposition is mentioned in very few treatises 
on matrices; but see Gantmacher (1959) I, 276-278, who applies it to the polar 
decomposition of a linear transformation. (Even he is not quite explicit.) The 
polar decomposition of matrices is treated in Vol. II. For a complex matrix it is 
a generalization of the expression of a complex number in polar coordinates. 
For a real matrix the polar decomposition is M = SO, where S is symmetric 
and non-negative definite and 0 is orthogonal if M is of rank m, and in any 
case 0 represents an "orthogonal transformation of the n space to the ~ space," 
that is 00' = ,k.x ,_ . Writing 0 = E. . arst,n' , we readily infer that 
0 = E -i trn' and then that S = Erk= 

l ur~rr and 0 = - x trn . 

Calculation of the singular decomposition. 
The direct use of the definitions of } , . , nk as eigenvectors of MM' and 

M'M is not necessarily the best method for calculating the singular decomposition 
of M, because the formation of the matrix products involves nm2 or mn2 multi- 
plications. Instead we can compute li, , ~1, and 71, simultaneously (if ju is max, r,) 
by means of the obvious generalization of the well known iterative calculation 
of the leading eigenvector of a symmetric matrix. That is to say, we take an 
arbitrary n-vector, yo, of unit length, form xo = Myo , "normalize" Xo (scale it 
to length 1), form yi = M'xo, normalize yi, ,form xi = My1 and so on. We see 
easily, by means of the algebra of the singular decomposition, that we converge 
at exponential speed to t, and nu unless yo happens by bad luck to be orthogonal 
to n, , which is most unlikely if many decimal places are used. Next we form 
M - #,t,n1 and repeat the process to get ,/2, )2, and n2 ; and so on. 

This iterative procedure is extremely easy to program for a computer and 
will usually be numerically stable when only the first few terms of the singular 
decomposition are required. (This would cover the case of principal components, 
-see the next paragraph.) If all the terms are wanted then analogues of many of 
the comments and techniques in Wilkinson (1965), chapter 9, would be relevant. 
For example, the iterative method is especially pertinent for large sparse 
matrices. 

The least squares property of the singular decomposition, and component analysis. 
It is not difficult to prove that the sum of the first j terms (j = 1, 2, * * *, k) of 

the singular decomposition of M gives the matrix N of rank j that best approxi- 
mates M in the sense of least squares, i.e. for which we minimize 

(mr, - nr,)2 = trace [(M - N)(M' - N')] 

Moreover, the minimum is 2 2 summed for r > j. We can apply this least- 
squares property to a matrix of observations in which each element is diminished 
by the mean of the elements in its row, and we can then express the above prop- 
erty in the jargon of the statistician thus: We can account for a fraction (y~ + 
? * + Li)/( + * *.. + k) of the total sample variance by means of a matrix 

of rank j. This presentation of (principal) component analysis was given by 
Whittle (1952). Previous writers had first formed the sample covariance matrix 
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MM' and had worked with its spectral decomposition. The singular decomposi- 
tion of M has the advantages that 

(i) it involves less calculation at any rate for the principal components (see 
the section above dealing with the calculation of the singular decomposition); 

(ii) if the vectors }1, ,2, * * , can be given a physical meaning, then one would 
expect to find associated physical meanings for ni , n2, -* , respectively, so 
that it is natural to refer to t, and ni as a "conjugate" pair of vectors. Compare 
the suggested "botryological" technique in Good (1965a, pp. 52-53) for putting 
documents and index terms into conjugate clumps, a technique that would also 
apply, for example, to patients and symptoms (Good, 1965c). A clump of 
symptoms would often correspond to a specific complaint or to an advisable 
treatment and the conjugate clump of patients to those who suffer from this 
complaint or who would merit this treatment. ("Botryo" is an English prefix 
meaning a cluster.) 

Analysis of contingency tables. 

Statistical methodology is poor in formal methods for suggesting hypotheses: 
the statistician often selects his hypotheses (a) in terms of the scientific back- 
ground of his problem, (b) by the selection of a conventional model, (c) by 
the selection of a mathematically simple or physically simple model. These 
three techniques are of course not independent of each other, and often a 
hypothesis comes under all three headings. This is often true, for example, 
when the hypothesis of independence of rows and columns is postulated for 
a contingency table. Note that this hypothesis can be expressed by saying 
that the contingency table is well approximated by a matrix of rank 1. If this 
hypothesis is rejected, then the next simplest hypothesis is apparently that it 
is well approximated by a matrix of rank 2, and so on. Thus the singular de- 
composition of a contingency table gives rise to a succession of null hypotheses, 
as pointed out by Good (1965b, p. 64) where x2 significance tests for these 
hypotheses are also proposed. When a hypothesis is correctly accepted we have 
"improved" the observations. (Cf. Good, 1958.) We can express the "hypothesis 
of rank j" by saying that the contingency table arose by sampling from a mixture 
of j different populations for each of which the rows and columns were statistically 
independent. Thus the model is both mathematically and physically simple. This 
model for the structure of a contingency table seems likely to be relatively more 
often physically reasonable than the corresponding model for principal com- 

ponent analysis in general. [In error, Good (1965b) implied that the method 
was analogous to factor analysis instead of to component analysis. Various 

properties of singular values are given there such as a relationship with eigen- 
values due to Weyl (1949), and a minimax property for bilinear forms analogous 
to a property of quadratic forms due to Courant and Hilbert.] For multidimen- 
sional contingency tables see Good (1963). Three-dimensional factor analysis 
is discussed by Tucker (1964). 

The eigenvalues of AC and the determinant II - AC[. 

Let A and C be m X m matrices where A has rank k < m. Then, by expressing 
A as the sum of k matrices of rank 1, for example by the singular decomposition, 
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we can reduce the calculation of the eigenvalues of AC to that of those of a 
k X k matrix, in virtue of the following lemma. Similarly the calculation of 
II - ACI can be reduced to that of a k X k determinant. This could sometimes 
make practicable a calculation otherwise impracticable, even on a high-speed 
computer. It could even happen that the process could be practicable when the 
order of A and C is several thousand. The result has application to statistical 
problems connected with the Wishart distribution (Good and Jensen, 1968). It 
should also be useful in the theory of linear transformations in Hilbert space. It is 
not mentioned by Smithies (1958) so it might be novel in spite of its simplicity. 

Lemma (i) Let M and N be respectively m X k and k X m real or complex 
matrices. Then MN and NM have the same set of non-zero eigenvectors. (This is well 
known when M and N are real and N = M', and presumably also in general, but 
I do not know a reference.) Also, if m > k, 

|XIm - NMI = Ixlk - MNI X-k (1) 

where Im and Ik are the m X m and k X k identity matrices. 
(ii) Let a, , a2 , ... , ak , b, , b2 , ... , bk be arbitrary m-component column 

vectors, where k < m. Then the non-zero eigenvalues of (a,b~ + *-. + akb,)C, 
where C is m X m, coincide with those of the k X k matrix D = {bSCa } (r, s = 
1, 2, ... , k). Moreover 

iXIm - (albf + ... + akb')CI = lIk - Dl X-*k (2) 

(iii) If (A,B/ + ... + AkB')C is square, then it has the same set of non-zero 
eigenvalues as the block matrix { B'CA. }. 

Proof of (i). Let x be a right eigenvector of M corresponding to a non-zero 
eigenvalue of MN. Then MNx = Xx, where Nx - 0. Therefore NM.Nx = XNx, 
so X is an eigenvalue of NM (and Nx is a corresponding right eigenvector). Thus 
every non-zero eigenvalue of MN is also an eigenvalue of NM, and similarly 
every non-zero eigenvalue of NM is also an eigenvalue of MN. The last sentence 
of Part (i) is now obvious. 

Proof of (ii) In (i), let M = A, where A consists of the column vectors a,, a2, 
... , ak placed side by side; and let N = B'C, where B consists of the column 
vectors b, , b2, * *, bk placed side by side. Then 

MN = AB'C = (a,bf + ... + akbl)C 

whereas NM = B'CA = {b;Ca.} = D, and Part (ii) is established. 
Note that the case k = 1 of Part (ii) of the lemma follows also from the easily 

proved special case of (1): 

II - ANI = II - NA[, or IXI - ANI = IXI - NAI, (3) 

where A and N are square, by putting A = [a, , 0], N = [b , 0]'C, that is, by 
making a, and b, square by "filling up with zeros". (The identity (3) is im- 
mediate if A is non-singular, and follows generally by a continuity argument.) 
The case k = 1, X = 1, of Part (ii) occurs also in Anderson (1958), p. 108. Also 
Scheff6 (1959), p. 417, mentions that 1 + z'A-'z = JA + zz'l/lAI, and refers to 
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Wilks (1932), pp. 487-488, for a proof. This again is the case k = 1, X = 1. 
More generally, from Equation (2), |XI + Z'A-'Z = IXA + ZZ'J/IAI. 

Part (ii) can be usefully combined with the singular decomposition of M in 
order to find the eigenvalues of MC. 

Part (iii) follows from Part (ii) by noticing that a matrix product AB', where 
A and B are p X m, is the sum of m terms of the form ab'. 

The continuous analogue of Part (ii) of the lemma is that the non-zero eigen- 
values of f b(x, u)c(u, y) du are the same as those of f c(x, u)b(u, y) du, and the 
non-zero eigenvalues of the kernel f a(x, u) c(u, y) du, where a(x, y) is degenerate, 
a(x, y) = 

k=:1 ar(x)br(y), are the same as those of the matrix 

If br(x)c(x, y)a.(y) dx dy}. 

As a neat algebraic example of Part (i) it is perhaps worth showing that the 
equation 

AB - BA = cI (c real or complex, c $ 0) (4) 

cannot be true for (square) matrices of finite order. This is at once clear when 
A and B are symmetric since then AB - BA is skew-symmetric. In quantum 
mechanics A and B are usually assumed to be Hermitian and then AB - BA 
is skew-Hermitian, but this observation does not rule out its being cI if c is 
purely imaginary. But without restrictions on A and B, Equation (4) implies 
that, for each real or complex X, 

JAB - XI = BA - (X - c)II 

so that the set of eigenvalues of BA is the same as that of AB but slid c to the 
left. But these two sets are the same, apart from zeros, which is impossible if 
they are both finite and contain more than one point. The case AB = 0 requires 
special but trivial treatment: it implies BA = -cI and hence AB = -cI, a 
contradiction. 
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