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A STOCHASTIC STUDY OF THE LIFE TABLE
AND ITS APPLICATIONS:
I. PROBABILITY DISTRIBUTIONS OF THE
BIOMETRIC FUNCTIONS'

Cuin Long CHIANG

Division of Biostatistics, School of Public Health,
University of California, Berkeley, California, U. S. A.

1. INTRODUCTION

The life table is one of the oldest, most useful, and best-known
topics in the field of statistics. It has many applications in various
areas of research where birth, death, and illness may take place. The
earliest life tables date as far back as the seventeenth century; Halley’s
famous table for the City of Breslau, published in the year 1693 [9],
already contained most of the columns in use today. The subject
matter, however, is by no means limited to human beings. Zoologists,
biologists, physicists, manufacturers, and investigators in other fields
have found the life table a valuable means of presenting their data.
In spite of its popularity in many research areas, the life table as a
subject has yet to be systematically explored from a statistical point
of view.

There are two forms of the life table in general use: the cohort
(or generation) life table and the current life table. In its strictest
form a cohort life table records the actual mortality experience of a
given group of individuals over a period of time extending from birth
until the death of the last member of the group. A current life table,
on the other hand, considers the mortality experience of an entire
population at one point in time. The purpose of this investigation
is to present a stochastic view of the subject, taking random variation
into consideration and treating all the biometric functions as random
variables. The results of our study will be given in a series of papers.
In the first paper probability distributions of the main biometric func-
tions are presented and formulas are derived for the corresponding
mathematical expectations, variances, and covariances. Some of the
findings are by no means original, but they are included for the sake
of completeness.

1Pregented at the joint meeting of the American Statistical Association and the Biometric Society,
ENAR, in Atlantic City, September 13, 1957, under the title, ‘‘An application of stochastic processes
to the life table and standard error of age-adjusted rates” [3].
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Although each of the biometric functions has the same meaning
and the same probability distribution in the cohort life table as in the
current life table, it is important for the study of their random variation
to keep in mind the order in which these functions are computed.
In the cohort life table the number of survivors and the number of
deaths are measured directly in an actual population; thus they are
the basic random variables from which the proportion of deaths and
other columns are obtained. In the current life table, on the other
hand, the column of the proportion of deaths is first computed from
the population death rate; other biometric functions are random vari-
ables only because they are functions of this proportion. We shall,
therefore, in the second paper of this series present formulas for the
sample variances and covariances of the biometric functions in terms
of the number of survivors for the cohort life table and in terms of
the actual age specific mid-year population and age specific death rate
for the current life table.

The third paper will be devoted to the application of these formulas
to practical problems in follow-up studies of patients affected with
specific diseases in which there are some survivors on the closing date
of the study; because of incompleteness of information, expectation
of life and some other quantities in the life table cannot then be com-
puted by the conventional method. Here we suggest a convenient
means of computing the observed expectation of life and the corre-
sponding standard error. The problem of competing risks is also
treated. An actual follow-up study will be used by way of illustration.

The general form of the life table is reproduced below for the purpose
of reference; the symbols used deviate slightly from the conventional
ones in order to simplify formulas in the text. For a detailed descrip-
tion of life-table structure, the reader is referred to the work of Dublin,
Lotka, and Spiegelman [5], Greville [8], and Reed and Merrell [11].

In the table, and throughout this paper, the term ‘‘age’ refers to
the exact age. The symbol z; is the age at the beginning of the interval ¢;
z,, will be used to denote the age at the beginning of the final interval
in any given life table.

The age z, may be taken as 0, the time of birth, and I, the size of
the original cohort. From [, on, all the biometric functions in the
above table are treated as random variables that are estimators of
the corresponding unknown quantities. The symbol ¢, will be used
to denote the unknown true probability of a person of age x; dying
between z; and x,,, , and e; the true expectation of life at age z, , for
1=0,1, -, w.

The term “observed expectation of life’” is introduced for the symbol
¢, to distinguish it from its unknown true value e¢; . Because of their
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LIFE TABLE

Number Total no.

Proportion Number of  of years of years  Observed
Number of deaths deaths lived remaining  expecta-
Age of within age within age within age to tion of
interval survivors interval interval interval survivors life at
(years) atagewx; (zi %ip) (2, Tin) (%5, 7ip)  at agex; age z;
Zo to T lo 40 do Lo To éo
T 10 Tip1 l; 4: d; L; T: 2,
xwtoxw-ﬂ lw Qw dw Lw Tw éu’

limited use, we shall not discuss the distribution of the quantities in
the columns L; and T'; . If desired, their distributions and formulas
for expectations and variances can be obtained, respectively, from those
of I, and &, .

In the text the following symbols will also be introduced:

g:; = Pr[an individual alive at age z; will die in interval (z; , 2,)],
ps; = Pr[an individual alive at age z; will survive to age z,].

When z; = x4, , we will drop the second subscript and write ¢; for
@s.i+1 and p; for p; ;. . Obviously, ¢ and p are complementary. The
corresponding estimators are denoted by

g =1— L/, Pii = L/l g =1-— l,~+1/l,~ , and Ps = L/l .

Finally, we will write n, to denote the length of the interval ¢ (i.e.,
ZTiop — @; = n;). When n is equal to one for each age interval, we
have the “complete” life table.

Throughout this investigation, we shall assume a homogeneous
population in which each individual is subject to the same force of
mortality and in which the probability of death for one individual
is not influenced by the death of any other individual in the group.

2. PROBABILITY DISTRIBUTION OF I, , THE NUMBER
OF SURVIVORS AT AGE =z

In the usual life table the various biometric functions are given
only for integral ages or at other discrete intervals. In the derivation
of the distribution of survivors, however, it is more convenient to treat
age as a continuous variable and to derive formulas for [, , the number
of individuals surviving the age interval (0, ), for any positive value z.
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The distribution of I, may be obtained by different approaches.
Perhaps the simplest is to consider the I, survivors as the number of
successes in [, independent and identical trials with a probability p,,
of surviving the interval (0, z). It follows then that I, is a binomial
random variable. However, this approach by itself does not give the
formula for the probability p,, . The explicit formula for p,, can be
derived by the “pure death process” (see, for example, [6] and [1]),
which we shall sketch below.

Let u, be the force of mortality acting upon each individual in the
original cohort [, , such that
k. Az 4+ o(Az) = Pr[an individual alive at age x will die between

ages x and x + Az], for x = 0, 1)

where Az stands for an infinitesimal time interval and o(Az) a quantity
of a smaller order of magnitude than Ar. We are interested in the
probability function of I, , given that there are [, individuals alive
at age 0:

P,,0,2) =Pr[l,=k|l, atage 0]. (2)

The standard procedure for obtaining this probability function is to
derive an explicit form of the probability generating function defined as

Gt ) = B |1) = 3 0Pu0, ). ®

The derivatives of this one function provide a convenient way of
computing all of the probabilities in (2), and the moments of [, as well.
Using the established procedure [6], we found

G (L, x) = [1 — exp {—fox e da-} + ¢ exp {—j: Mo dr}]'t 4

Substituting

Doz = exp{—-fo e da-} , for z=0, (5)

for the exponential function in (4) gives the generating function of
the probability stated in (2):

G (t,2) = [1 = po: + tpo:]'*, for z = 0. (6)

Formula (6) will be recognized as the generating function of a binomial
random variable in [, independent and identical trials with the binomial
probability p,. as given by formula (5). For x = z; , we have the
probability that an individual will survive the age interval (0, z,),
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p05=exp{_f ”"dT}’ for i‘:OrI)"'yw) (SA)
0

and the generating function for the survivors l; ,
Gl‘(t, x,‘) = [1 bl po,‘ + tpo.‘]la, fOI‘ ?: = O, 1, Tty w. (6A)

We are now in a position to use the binomial theorem to obtain the
required probability function for /; ,

l,! B}
Pr{li =k|l, atage 0] = mp&qé: 5

for k=0,1,---,1; 1=0,1, -, w, @)
the mathematical expectation,
El; | 1l) = lpoi, for ¢ =0,1,---,w, 8
and the variance
ot = NlgpoiQe: , for 7 =10,1, -, w, 9

With po.' + qO,‘ = 1.
In general, the probability of surviving an age interval (z, , z;)
is given by

Dij = €xXp {—f My dr} , for 1

with the obvious relationship,

lIA

j; i,j"—‘O,l,'“,’Ll), (10)

Pai = Pailii » for aélé]; a,i,j=0,1,~--,w. (ll)
The generating function for the conditional distribution of I; given
l.‘ is
Gl;lla(ti) = E(l;i | ) =0 —p; + tipu'i)“)

for ¢ < j; 1,j=0,1, -, w. (12)
When j = 7 4 1, (12) becomes
Gropni(tin) = E@AT | L) = (1 — pi + tap)',
for ©=0,1, .-, w — 1. (13)

Although formula (12) holds whatever may be 2; < z; , it is im-
portant to point out that the conditional probabilities of I; relative
tolo, i, -+, l; are the same as those relative to I, in the sense that
for each k
Prily=k|l, -, L)=Pr[l,=Fk]|L],

for 7 <j; 1,7 =0,1, -, w.
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In other words, the sequence [, , I, , --- , I, is a Markov process ([6],
p. 338). Thus we have

E(li|l0y"'yli)=E(lilli)y for 1’<]) i:j=0’1)"’yw) (14)
and also

E@ | Ly, +,1) =E{' |l), for i <j; i,j=0,1,---,w. (15)

3. JOINT DISTRIBUTION OF 4, --- , l,, THE
NUMBERS OF SURVIVORS

Following the idea of the preceding section, we introduce the gene-
rating function of the joint probability distribution of I, , --- , I, :

Gyt ooy ta) = B -+ 07 | 1), (16)
which uniquely determines the joint probability
Pr{ly,=Fk,---,1,=k,|l atage O]
Using a procedure described previously ([2], pp. 84-85) we obtain

Lemma 1. The survivors 1, , « - , 1, in the life table form a random
vector with components having the binomial distribution; the generating
function of the joint distribution and the covariance between any two of
the random variables are given, respectively, by

Greea(ty ooy te) = [1 = {pa(l = &) + poti(1 — 1)
+ Poatita(l — ) + -+ + pouhite -+ tua(l — £)}]" (17)
and
Oray = bdoi(l — poi), for =3, 4,7=0,1,---,w.  (18)
Proof of formula (17) follows from the identity
Elt; --- t4P) = E[t -+ BT |, -+, L] (19)
and from formula (15). Combining (15) and (19), we can write
Bl -+ 4] = B0 -+ GB{EAT | 1Y),
for 1=0,1,---,w —1, (20)

where the conditional expectation of the quantity inside the braces
is the generating function of the conditional distribution of I, given
I; with the explicit function as presented in (13). Formula (17) is
obviously true for w = 1, since in this case (17) becomes

G,(t) = [1 - p01(1 - t,)]l", 21
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which is identical to (6) for + = x, . Now suppose (17) is true for
w — 1, and we may write
E[t{' < fvwl‘] =[1 = {pal = ) + peuti(1 — &) + -

-+ Po,w—rli * - tw—2(]~ - tw—l)}]lo) (22)

we want to prove that (17) is true also for w. Using identity (20) for
7 = w — 1, generating function (16) may be written as

Gr, ooty y oy t) = B[ -+ 8 TE(” | L,-1)]. (23)
Writing (13) for ¢ = w — 1 and substituting in (23) give
Gyl y ooy b)) = Bl - 571 — pucy + G} 7]
= Bl - 02205, (24)

where

sw—-l = tw—l(l - pw-—l + twpw—l) = tw—l[-l- - pw—l(-'- - tw)]~ (25)
Because of formula (22), (24) becomes
1 - [Pcu(l — &) + poati(1 — to) + -+

+ Dorwostily *+ ty_s(1 = ty_s) + Dowortits =+ tw_o(l —s,_)}]". (26)
Now substituting (25) in the last term inside the braces,
Do.w-1brlz *+* bu_a(l — Su-1)
= Po.wartity *+ tu-a[l = tuor{l — puaa(l — €0)}]
= Pow-ihily **+ to-a(l = tuot) + Poulile -+ loa(l — 1), (27)

where p,, is written for po ,-p.-: [equation (11)]. Formula (26)
thus becomes identical with the generating function (17), and the proof
is completed.

Formula (18) can be proven by direct computation from the relation

il 3 3
Ouity = at, Gt =@ lt=l - (6_t,G l“‘)(a_t,.G lt-l) ’

where the symbol G is written for the generating function (17) and the
partial derivatives are taken at the point (¢, , -+ , ¢,) = (1, -+, 1).
When ¢ = j, formula (18) reduces to the formula for the variance
of I; [equation (9)].

The joint probability of the random variables I, , - -+, [, can now
be obtained from (17) by differentiating with respect to the arguments.
It turns out to be
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Pr{ll=k1,"’,lw=kwll0

ki—a— k.

1:[ '(k.l—k)'p' L1 = piy)
fork, =0,1, -+, kiy,withk, =1, .

4. JOINT PROBABILITY DISTRIBUTION OF do, *** , dw,
THE NUMBERS OF DEATHS

In a life table covering the entire life span of each individual in a
given population, the sum of the deaths at all ages is equal to the size
of the original cohort. Symbolically,

do+di+ -+ do = L. (28)

Each individual in the original cohort has a probability of dying in
the interval (x; , z;,,), which is easily shown to be

Poiq:i , for ¢ =20, -+, w; (29)

for, if an individual at age 0 is to die between ages z; and z,., , he must
first survive the age interval (0, z;). The multiplication theorem implies
(29). Since he is to die once and only once somewhere in the life span
covered by the life table, the sum of the probabilities in (29) is unity; or

pooQo + M + pquw = ly
where py, = 1 and ¢, = 1. Thus we have the well-known

Lemma 2. The numbers of deaths, dy , + -+ , d,, , tn a life table have a
multinomial distribution with the joint probability distribution

l! .
Pridy = b0,y do = 8] = 55755 (g - (Pong)”; (30)

expectation, variance, and covariance are given, respectively, by
EWd; | 1) = lopoiqi , for © =20, --, w; (31)
oa = lipoiqi(1 — poiqs), for @ =0, -, w; (32)
and
Gas.a; = —lPoiqipoiq; , for 13, 4,j=0,---,w. (33)

Remark 1: In the above discussion, age 0 was chosen only for
simplicity of presentation. For any given age, say x, , the numbers
of deaths occurring in subsequent intervals also have a multinomial
distribution with the total number of deaths equal to the number of
survivors at age x, . The probability that an individual alive at age
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x, will die in the interval (z, , 2;.,) subsequent to z, is given by
PaiQi , for 4 =qa, -+, w. (34)

It can be readily shown that the sum of the probabilities in (34) is
unity but we shall not give the details here.

5. VARIANCE AND COVARIANCE OF ¢;, THE PROPORTION
OF DEATHS IN THE AGE INTERVAL (z;, z:41)
The proportion of deaths occurring in an age interval is the ratio
of two random variables

q..=l"—"#, for t=20,1,---,w — 1. (35)
Our interest in this section is to derive formulas for the expectation,
variance, and covariance of these proportions.
It is convenient at this point to reintroduce the proportion of
survivors in the age interval (x, , 2;4,),
ﬁ;=£‘j—', for ¢=0,1,---,w — 1. (36)
Since
ﬁi + q& = 1) (37)

the mathematical expectation of the proportion of deaths is comple-
mentary to the expectation of the proportion of survivors. These

proportions have the same formulas for the variance and covariance:

2 2 _ L
T4 = o3, , and o;, 5, = o’,a,,;,,fOI‘Z,] =0,1,--+,w—1

The generating function (13) shows that the conditional distribution
of l;+, given [; is binomial and has the conditional expectation

E(lis | 1) = Lps, for =01, -, w— 1. (39)

From (38) we derive the expectation of p, ,
. liy ,
E(Pi) = E(Tl) = E[%E(lsn l l.‘)]

=E[%jl,~;o,~:|=p,~, for i=0,1,---,w, (39
and hence the expectation of §; ,
E(q;)=l—p,'=q,', fOI' 7:=0,1,"‘,w. (40)

It is interesting to note from formula (10) that the ratio of the
expectation of survivors at the end of an interval to the expectation
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of survivors at the beginning of the interval is also equal to the prob-
ability of surviving the interval. Consequently,

F[l"z‘]”:%(z‘f) for i=0,1,-,w—1, (41)

the expectation of the ratio of the two random variables, ., to I, ,

is equal to the ratio of the expectations, a relationship not necessarily
true in general.

The variance of p, (or ¢;) may be written in the form

2
o5 = E[ ‘IZ‘] - i
1 2 2
= E[F E(li+l I l.‘)] - P

E[l1+l l L] = lip.'(l d pe) + l?p?
is again obtained from the generating function (13). By substitution
and collection of terms we have the formula for the variance,

where

0'17: _E< )P(l pi)y for i=011) e, W (42)
When [, is large, formula (42) may be approximated by
1

2 = —_——— . — . 3 —3 o o0
T = E(l,) p.(l p-)) for 1 O) 1! y W. (43)

The expectation of the reciprocal of I; can be written as

A ol

E(—) {1 - ( - )} , 44
D =+ mer + el (49
where the second term inside the square braces is the relative-variance
of /; and the third term is a quantity of a smaller order of magnitude

than the relative-variance. Using the formulas (8) and (9) for the
expectation and variance of I; , we have

g ?; — Qoi
(E()) lopos ’
which may be taken as zero for large values of [, . Consequently, the
quantity inside the square braces in (44) may be taken as unity and
formula (42) is approximated by (43)°.

*It is obvious from formulas (35) and (36) that §; and P« are defined only for positive values of
li . If I were equal to zero, di and I;41 would certainly equal zero, and the biometric functions de-
scribed in the life table, as well as the life table itself, will have ceased to be meaningful. Thus we shall
use the convention that the denominator of (42) cannot take on the value of zero before the interval
w41, which is to say, before the termination of the life table.
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To derive the formula for the covariance between the proportions
of survivors (or deaths) in two age intervals, we write

7si.3, = Elppi] — pip;
= E[ﬁ,E(ﬁ, |ﬁt)] - PiPi for = < .7) i) J = 0) 1) o, W, (45)

L
Recalling from formula (14) that the conditional expectation of I;,,

relative to I, , l;4, , and [; is the same as the conditional expectation
of l;,, relative to l; , we have

L_l__]
4@ L

with the conditional expectation,

A | e
E@: | p) = E[—l-'

It

l ltt_l‘
E[l—: E(l; | 1) ‘ . ]

| B ] =0 (46)

Substitution of (46) in (45) gives the covariance
o505, = E[pp;] — pp; = pp; — ppi = 0,
for 7 j; 1, =0,1, -, w. 47

Remark 2: What is proved above is the zero covariance between
p: and P, , but not their independence. In fact, it can be shown [4]
that p; and p; are not independently distributed; and in particular,
Greenwood’s assumption [7] E(pip?) = E(p3)E(p?) is proven to be false.

The findings in this section may be summarized in

Lemma 3. The proportion of deaths, §; , (or of survivors, p;) in an age
tnterval ts an unbiased estimator of the probability of dying in (or of
surviving) the interval with a variance as given by (42); the covariance
between two proportions §; and §; (or between p; and p;) vanishes whatever
may be 1 # j, ford,j =0, -+, w.

It should be pointed out that formula (47) of zero covariance is
obtained only between proportions for two non-overlapping age intervals.
If we are considering two intervals both beginning with the same age
z. and extending to the ages z; and z; , respectively, the covariance
between the proportions p.; and p,; is not equal to zero. Using the
same approach as in the derivation of (42), it is easy to show that the
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formula for the covariance is given by

Out bes =E'G;—)p,,,»(l —pa), for a<i<j; a,d,§j=0,,w (49)
When [, is large, we have the approximate formula

Cbaibas = E,zll—a)-p,,;(l — D), for a <i12j§; «,¢,j=0, -, w. (49)

For © = j, (48) and (49) become formulas for the variance of p,; .
If ., = 0, l, is constant; both formulas (48) and (49) are reduced to

1 . . ..
OhoiBoi — _l;por(l - poi)y for 1 = 1 ,] = 1) cr, W,

which is the covariance between the x;- and x;-year survival rates,
and can be obtained directly from the covariance between [; and I;
as given by (18).

6. DISTRIBUTION OF &, , THE OBSERVED EXPECTATION
OF LIFE AT AGE z,

The observed expectation of life at any age x, summarizes the
mortality experience of the population under consideration beginning
with age x; , for7 = 0,1, -+ , w. Certainly to the demographer or
public health worker, this column is the most useful in the life table.

To avoid confusion in notation, let us denote by « a fixed number
and by z, a particular age; we are interested in the distribution of
é, , the observed expectation of life at the age x, . Consider [, , the
survivors to the age z, , and let Y, denote the future lifetime of a
particular individual beyond the age z, . Clearly Y, is a continuous
random variable that can assume any positive real value. Let y, be
the value that the random variable Y, takes on; thus z, + v, is the
entire length of life of the individual from the time of birth until death.
Let f(y.) be the probability density function of the random variable
V. and dy,. an infinitesimal time interval. Since Y, can assume values
between y, and y, + dy, if and only if the individual of age x, survives
the age interval (z, , . + ¥.) and then dies in the interval (z, + .,
Zo + Y« + dy.), the probability density function of Y, is given by

f(ya) QYo = Pa.atvabizatve Wa , for y. =0, (50)

where P, ..+, , the probability of surviving the interval (z. , 2o + ¥a),
is defined in (10) and g,,+,, is the force of mortality at age z, + .
given in (1).
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The function f(y,) in (50) is an honest probability density function
in the sense that it is never negative and that the integral of the func-
tion from y, = 0 to y, = = is equal to unity. Clearly, it can never
be negative, whatever may be the value of y, . To evaluate the integral,
we recall formula (10) and write

]; f(y“) dy“ = j; exp {_f Mz dT}#xa+V¢ dya .

Now define a quantity ¢ such that

TatVa Va
¢ = f o, dr = f Meqse At
Ta 0

and substitute the differential

dd) = #za-H/a dy“

in the integral to give the solution

f: Yo dya = f)me""‘dq& =1.

The mathematical expectation of the random variable Y, is the
expected length of future life beyond the age z, , and thus may be
called the true expectation of life at age z, . In accordance with the
definition given the symbol ¢, , we may write

Ca= fo Yol (We) Ay = fo Ya eXp{—f T dr}u,ma dy. . (51

Thus the explicit function of e, and the variance of Y, ,
L prratve
0:0 = f (ya - ea)2 eXp{_f My dT}/-”z.x-l-Va dy a (52)
0 Ta

both depend on the force of mortality®.

We will consider the future lifetimes of [, survivors as a sample
of I, independent and identical random variables, Yo, , -++ , Y1, ,
each of which has the probability density function (50), the mathe-
matical expectation (51), and variance (52). According to the central
limit theorem, as [, approaches infinity, the distribution of the sample
mean

Vo= p (Vb oot Vo)

3While it is not the purpose of this paper to consider particular functions of the force of mortality,
a separate study of the observed expectation of life under various assumption of the force of mortality
is in preparation,
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is approximately normal, with a mean of e, as given in (51). Clearly
Y. is equal to &, , the observed expectation of life at age z, .

As in the case of any continuous random variable, the value of
Y, is not accurately measured. In point of fact, the values of [, random
variables are not individually recorded in the life table, but rather
they are grouped in the form of a frequency table in which the ages
z; and z,,, are the lower and upper limits for the interval ¢ and the

deaths d; are the corresponding frequencies, for7 = o, « + 1, - -+ , w.
The sum of the frequencies equals the number of survivors at age z,, , or
da + te + dw =

The total number of years remaining to the [, survivors depends on the
exact age at which death occurs, or on the distribution of deaths within
each age interval.

Suppose that the distribution of deaths in each interval is such
that, on the average, each of the d; persons lives a;n; years in the age
interval (z; , z..,), where a, is a fractional number, then on the average
each of the d; persons will have lived «; + a;n; years, or x; — z, -+ a;n;
years after age z, , and the observed expectation of life at age z, is
obviously

‘a=zl—z — 2, +am)d;, for a=0,1,:--,w. (53)

Using the relationship d; = I; — l;., , and arranging terms, we have
a general formula for the observed expectation of life,

by = A, + Z ¢

i
i=a+l l

= amn, + Z CPoi , for a=20,1, -, w, (54)

i=a+l
where ¢; = (1 — a;_)n;, + am, , for 7 > a. Now, if n; = n, for
i =a,a-+ 1, -, w, and if the distribution of deaths in each interval
is assumed to be uniform so that a; = %, then ¢; = n and (54) reduces to

n(la+1 + c + lw)
la

.\ n
ba =73 + (55)
a formula often used to compute the observed expectation of life at
age T, .

Clearly, under the respective assumptions regarding the distribution
of deaths in each age interval, the observed expectation of life given
in formula (54) or (55) is an unbiased estimator of the corresponding
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true expectation of life as expressed in formula (51). On the other
hand, because the mathematical expectation of the ratio of survivors,
l; to 1, , is equal to the ratio of their expectations, lypo: t0 lopoa , aS
shown in formula (41), the mathematical expectation of the observed
expectation of life as given by (54) is simply

w

o = ANy + D, CPai, for a=0,1, -+, w. (56)
i=a+l
Formula (56) will be used in developing the formula for the variance
of é, . Asa further aid in deriving the variance of ¢, , it is convenient
to note the relationship between e;,, and e; , the expectation of life
at the begiinnng of two consecutive intervals,

e —an; = [e;y + 1 —a)ndp;, for 2=1, ..., w— 1. (57)

The variance of the observed expectation of life is obtained from (54),
expressing é, as a linear function of the proportions of survivors. Thus
its variance is

w »

w—1
a?a = Z C?C’zaa'l‘? Z E CiCi0pai.pai» for «a =0, -+, w. (58)

i=a+l i=a+l i=i+1

Substituting formula (48) in (58), we have

w w~—1 w
Tie = E(—;—)[ > Pl —pa) +2 D D cepa(l — pa;)]

i=a+l i=a+l j=i+1
w w—1 w w 2
(L) St To Sen - (S en)] w0
a i=a+l i=a+l i=i+1 i=a+t+

Using the relation p.; = p..p:; and formula (56),

w

T = EG-)[ D P + 2 2 epailes — am) — (e, — aana){l

i=a+l i=a+l
= E(—ll—)[ > fedes — 2am) + 2ci:)pa; — (e — aana)2]- (60)
a i=a+l

Since ¢; = (1 — ay_,)n;_, + am, , the quantity inside the braces may
be rewritten as

cile; — 2am,) + 2ce;
=[1 - ai—1)2713—1 - af’nf] + 2[(1 — @;-)Nioy T+ amile;
=le.+ (1 - ai——l)ni—l]2 — [e; — aini]2

=le, + (1 — 04—1)7%'—1]2 — e + (1 = ai)ni]zpi .
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Substitution of the last expression in (60) gives
i = E(;—)[_il [e: + (1 = @it} P

= fess + (1 — adn:}’pipas] — (ea — aana)’] (61)

Making the substitutions of Pu..+1 = 0 and (e, — @un.) =
[ear1 + (1 — a,)n.]p. in (61) and combining terms,

0i, = E(—;:)[i [fecr + A — a )} Pe i

i=a

- {ei+1 + 1 - ai)ni}zpfpai]:l :

Since pa,i+1 = PaiPi , We have the final formula for the variance of
the observed expectation of life at age z, ,

1 - .
0'?.. = E(T)[_Z {eis + (1 — ai)ni}zpaipi(l - Ih)] )

for a=0,1,---,w—1. (62)

When E(1/1,) is approximated by 1/E(l.), p.: is written for E(l;)/E(l,),
and (43) is used for the variance of ¢; , formula (62) is reduced to

w—1

i = 2 Puilesn + 1 — a)n]’o%, , for & =0,1, -+, w—1. (63)
Thus we have proved a rather useful theorem in the study of the
life table.

Theorem. If the distribution of deaths in the age interval (z; , Xi+,)
is such that, on the average, each of the d; individuals lives a;n; years
in the interval, for ¢ = a, a + 1, - -+ , w, then as l, approaches infinity,
the probability distribution of the observed expectation of life at age .
as given by (54) is asymptotically normal and has the mean and the variance
as given by (56) and (63), respectively.

It should be noted that (63), which is an approximation to the exact
formula (62) for the variance of &, when [, is a random variable, is
identical with (62) when [, is a given constant, such as [, .

As a matter of practical interest, the following corollary deserves
particular mention.

Corollary: If the age interval is constant, that s, if n; = n, and
if the distribution of deaths in each interval is such that, on the average,
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each of the d; individuals lives half the interval (x; , Z:sy), for ¢ = a,
a + 1, -+, w, then the variance of the observed expectation of life at
age ©, as given by (55) 1s

. » .
O'?n = E(%—)[2n Z Paii — (e,, + g) ] , for o = 0’ e, W, (64)

Proof. Whenn; = nanda; = 1,¢; = nand¢; — 2a.m; = 0. From
(60) we have

w 2
o5, = E(L)I:Zn > Paiti — <e,, — 71) ] ,
la t=a+1 2

which can be rewritten as (64).

Remark 3: Although the theorem concerning the asymptotic dis-
tribution of the observed expectation of life is true for the cohort and
the current life table, it is not clear why formula (63) holds also for
the latter case. In the current life table, the basic random variable
¢: is computed from actual mortality experience and, in general, its
variance is not given by either formula (42) or formula (43). There-
fore it is essential to prove (63) from the viewpoint of the current
life table.*

The observed expectation of life, as given in (54), is a linear function
of P.; , which, in the current life table, is computed from

ﬁai=ﬁaﬁa+l°°'ﬁj—l; for j=a+1,°~,w. (65)
Clearly, the derivatives taken at the true point (P, , Pas1, = - * , Di-1) are

a . .
[é‘f.pai] = Pailis1,i , for a =1 <7j;

=0, for 72 j, (66)

and hence

I

J , =
{6 ea} Z CiPaili+1,i

A
Di j=i+l

= pai[ci+l + Z Cip.-n,i:l

i=1+2

= Puileirs + (1 — a)n.]. 67)

4Using a different approach [12], professor E. B. Wilson derived the following formula for the
variance of éa ,
1 w—1
2 2 2 2
O = 72 Z l:leirs + ami] o, ,
a i=a
which is in error in that the quantity aini should be replaced by (1 — ai)n;.
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Because of (66), the derivative (67) vanishes when 7 = w. Since it
has been shown in Lemma 3 that the covariance between proportions
of survivors of two non-overlapping age intervals is zero, the variance
of the observed expectation of life may be computed from the following:

. w-1 F) ]z .
Tia = ; [5]—; 8o | b - (68)
Substitution of (67) in (68) gives formula (63).

When the distribution of deaths within each age interval is assumed
to be uniform, a; = %, and (63) becomes

w—1 2
U?a = Z p:.-[e;“ + ;it'] 0'12*,‘ y fOI' a = 0, ]., MY w. (69)

i=a

REFERENCES

[1] Chiang, C. L. [1954]. Competition and other interactions between species.
Statistics and Mathematics in Biology, 197-215, Iowa State University Press,
Ames, Iowa.

(2] Chiang, C. L. [1957]. An application of stochastic processes to experimental
studies of flour beetles. Brometrics 13, 79-97.

[3] Chiang, C. L. [1958]. An application of stochastic processes to the life table
and standard error of age-adjusted rates. (abstract) Biometrics 14, 133—4.

[4] Chiang, C. L. [unpublished]. A practical example where the random variables
are uncorrelated but not independently distributed.

[5] Dublin, L. I., Lotka, A. J., and Spiegelman, M. [1949]. Length of Life. New
York: Ronald Press Co.

[6] Feller, W. [1950]. An Introduction to Probability Theory and Its Applications.
New York: John Wiley & Sons, Inc.

[7} Greenwood, M. [1926]. A report on the natural duration of cancer. Report on
Public Health and Medical Subjects, No. 33, 1-26, His Majesty’s Stationary
Office.

[8] Greville, T. N. E. [1943]. Short methods of constructing abridged life table.
Rec. Amer. Inst. Actu. 32, 29-42.

=+ Halley, E. [1693]. An estimate of the degrees of the mortality of mankind,
drawn from curious tables of the births and funerals at the city of Breslau.
Philos. Trans. 17, 596-610, Royal Society of London.

[ =+ Irwin, J. O. [1949]. The standard error of an estimate of expectational life.
J. Hyg. 47, 188-9.

(11] Reed, L. J., and Merrell, M. [1939]. A short method for constructing an
abridged life table. Amer. J. Hyg. 30, 33-62.

[ = Wilson, E. B. [1938]. The standard deviation of sampling for life expectancy.
J. Amer. Stat. Assoc. 33, 705-8.



	Article Contents
	p.618
	p.619
	p.620
	p.621
	p.622
	p.623
	p.624
	p.625
	p.626
	p.627
	p.628
	p.629
	p.630
	p.631
	p.632
	p.633
	p.634
	p.635

	Issue Table of Contents
	Biometrics, Vol. 16, No. 4 (Dec., 1960), pp. 505-713+i-xvii
	Volume Information [pp.i-xvii]
	Front Matter
	Estimation of Mortality Intensities in Animal Experiments [pp.505-521]
	Fitting the Poisson Binomial Distribution [pp.522-533]
	A Model for the Analysis of the Distribution of Qualitative Characters in Sibships [pp.534-546]
	On the Analysis of Repeated-Measurements Experiments [pp.547-565]
	Intra- and Inter-Block Analysis for Factorials in Incomplete Block Designs [pp.566-581]
	The Detection of Host Variability in a Dilution Series with Single Observations [pp.582-592]
	Individual Degrees of Freedom for Testing Homogeneity of Regression Coefficients in a One-Way Analysis of Covariance [pp.593-605]
	The Statistical Estimation of a Rectangular Hyperbola [pp.606-617]
	A Stochastic Study of the Life Table and Its Applications: I. Probability Distributions of the Biometric Functions [pp.618-635]
	Sample Size for a Specified Width Confidence Interval on the Variance of a Normal Distribution [pp.636-641]
	On a Multicompartment Migration Model with Chronic Feeding [pp.642-658]
	An Application of Regression to Frequency Graduation [pp.659-670]
	Critical Values for Duncan's New Multiple Range Test [pp.671-685]
	Queries and Notes
	154 Note: On an Alternative Method of Computing Tukey's Statistic for the Latin Square Model [pp.686-691]
	155 Note: A Direct Method for Constructing the Intrablock Subgroup [pp.691-694]
	Correction to Note 143 "On a 5 × 2 Factorial Design" [p.695]

	Book Reviews
	untitled [p.696]
	untitled [p.697]
	untitled [p.697]

	Abstracts [p.698]
	The Biometric Society [pp.699-705]
	News and Announcements [pp.706-709]
	Back Matter [pp.710-713]



